Recent advances in nanofabrication and optical control imply that multi-qubit-cavity systems can now be engineered with pre-designed couplings. Here we propose optical realizations of spin-glass systems which exploit these new nanoscale technologies. By contrast with traditional realizations using magnetic solids, phase transition phenomena can now arise in both the matter and radiation subsystems. Moreover the phase transitions are tunable simply by varying the matterradiation coupling strength. *
Condensed matter physicists are keen to identify candidate materials in which one could examine the predicted theoretical properties of Ising-like Hamiltonians, both in the presence and absence of disorder [1] . Exotic phases such as a spin-glass are of particular interest [2, 3] . Most studies to date have focused on solids containing arrays of magnetic ions [1] . However the laws of Nature limit the diversity exhibited by such solids: It is very hard to engineer the magnitude, anisotropy, range and/or disorder of the spin-spin interaction in such systems. It is also hard to engineer the associated on-site energy for single spinflips. Hence it is highly desirable to identify new systems where one could engineer the on-site energies and spin-spin interactions at will.
In the seemingly unrelated fields of atomic physics, nanostructure materials science and quantum optics, there have been remarkable advances in the fabrication and manipulation of matter-radiation systems [4] . The energy gaps in semiconductor quantum dots [5] can be engineered by varying the dot size and choice of materials. For example, vanishingly small optical gaps could be obtained using InAs/GaSb or HgTe/CdTe quantum dots, while vanishingly small inter-subband gaps can be obtained by increasing the dot's size [5] . Hence tailormade two-level 'qubit' (i.e. quantum bit) systems are possible [6] . Indeed quantum dots are currently being fabricated and studied experimentally with sizes in the range 10 2 −10 3 Angstroms, with various shapes, and from a range of III-V and II-VI semiconductors [5] . Experimental control of qubit-cavity couplings has already been demonstrated [7] for quantum dots coupled to photonic band-gap defect modes [8] , as well as for atomic and superconducting qubit systems. A qubit-qubit interaction arises from the electrostatic inter-dot dipoledipole interaction between excitons (if the two-level system involves the optical gap) or conduction electrons (if the two-level system involves two adjacent conduction subbands). This qubit-qubit interaction can be engineered by adjusting the quantum dots' size, shape, separation, orientation and the background electrostatic screening. The qubit-qubit interaction anisotropy can be engineered by choosing asymmetric dot shapes. Disorder in the qubit-qubit interactions can be introduced by choosing the individual dot positions during fabrication, but also arises naturally for self-assembled dots [5, 9] . All the pieces are therefore in place for engineering all-optical realizations of condensed matter spin-based systems. The problem is that we need to identify which multi-qubit-cavity system to build in order to mimic the particular spin-based Hamiltonian or phenomenon of interest.
In this paper, we propose novel realizations of spin-glasses [2, 3] using experimentally feasible multi-qubit-cavity systems. By contrast with traditional realizations using magnetic solids, phase transition phenomena arise within both the spin (i.e. matter) and boson (i.e photon) subsystems. Most importantly from an experimental point of view, the resulting phase diagrams can be explored for a given nanostructure array simply by varying the qubit-cavity coupling strength. The qubit-cavity coupling strength -which acts as a control parameter -can be varied by physically re-positioning the nanostructure array within the cavity mode [7] . In addition to opening up the study of these important condensed matter systems to the nano-optical community, our results help strengthen the theoretical connection which seems to be emerging between multi-qubit-cavity systems and spinspin systems [10] .
Having discussed the feasibility of building multi-qubit-cavity systems with generalized qubit-cavity couplings, qubit-qubit interactions, and on-site energies, we present our formal analysis which generalizes various published results for the Dicke model [10, 11, 12, 13] .
Consider a disordered array of quantum dots, coupled to an optical cavity-mode under the following conditions: (i) The energy gap between the two levels in each dot is very small. As explained above, this can be achieved by choosing a suitably large dot and/or narrow bandgap materials such as HgTe/CdTe. (ii) The inter-dot coupling is disordered and only arises along the X-direction. This can be achieved by appropriately positioning needle-shaped dots in a cluster during fabrication, with each dot pointing along X such that significant dipole-dipole interaction only takes place along X. The Hamiltonian is then:
where
with J 0 and J representing the mean and standard deviation of the probability distribution of the inter-dot couplings. The operators in Eqs. (1) and (2) have their usual, standard meanings. We introduce Glauber coherent states |α in order to solve for the thermodynamic properties of H. As discussed in Ref. [12] , these states have the following properties: a|α = α|α , α|a † = α|α * , and dRe(α)dIm(α) π |α α| = 1. In terms of this basis, the canonical partition function can be writ-ten as:
We adopt the same assumptions as Ref. [12] : the order of the double limit in lim N →∞ lim R→∞ R r=0
can be interchanged, and a/ √ N and a † / √ N exist as N → ∞. We find
Integrating out α, we obtain
Hence the problem can be mapped onto the usual spin-glass Hamiltonian if we make the transformation J 0 →J 0 in the J ij probability distribution, whereJ 0 = (J 0 + λ 2
2 ). We can now employ the usual replica method to define the free energy as:
Using the standard replica assumption
we deduce the spin-glass phase diagram for the matter system (e.g. nanostructure array) shown in Fig. 1 . Under J 0 →J 0 , this phase diagram is equivalent to the usual spin-glass one [2] , with the important advantage that the local spin-spin interactions in our optical realization are tunable simply by varying the global qubit-cavity coupling λ [7] . Having deduced the optically-induced spin-glass phase in the matter subsystem, we turn to consider the superradiant and subradiant photon states in the optical subsystem. To do so, we insert a factor h in the exponent −β|α| 2 of Z so that
We recall that the order parameter for the subradiant-superradiant phase separation can be defined to be:
Going through the standard procedure [3] to obtain the free energy in the spin-glass setting subject to this modification, yields
Here
with
where u, v are the replica indices and the X-superscripts are dropped for clarity. HereJ 0 = J 0 + λ 2 /2h and so
It hence follows that
(18) Since Ω is proportional to N , we can evaluate the integral by steepestdescent. In the thermodynamic limit N → ∞, we find
Since Ω is optimized when
we therefore have θ ∝ 1 n u m 2 u . In the replica-symmetric case, θ ∝ m 2 and one can then derive the superradiant-subradiant phase diagram shown in Fig. 2 , outlining the region where m = 0.
Finally we note, by observation of Eq. (7), that spin-glass behaviour can also arise in the following two systems: (a) A multiqubit-cavity system with disorder in the qubit-cavity couplings {λ} as opposed to disorder in the qubit-qubit couplings {J}. Such disorder in {λ} can be engineered by placing the nanostructure array within an asymmetric cavity, or by positioning the nanostructure array such that it experiences the spatial variation of the field across a given cavity mode. (b) A multi-qubit-cavity system with disorder in both {λ} and {J}. In both these cases, some of the J's must be negative, however this requirement is once again experimentally feasible given the multipole (e.g. dipole-dipole) nature of the qubit-qubit interactions. The phase diagrams associated with such generalizations will be presented elsewhere.
In conclusion, we have proposed a novel optical realization of a Hamiltonian system which is of great interest within the condensed matter community. In contrast to traditional realizations using magnetic solids, the phase transitions in this system can be explored simply by changing the matter-radiation coupling strength. Such control is already possible experimentally [7] .
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